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Aeroelastic Tailoring of Aft-Swept
High-Aspect-Ratio Composite Wings

John A. Green*
Stanford University, Stanford, California

The integrating matrix method is used to study the aeroelastic performance of aft-swept high-aspect-ratio
wings. Aeroelastic stability boundaries are shown as a function of fiber angle and dimensionless modulus
parameters for straight wings of aspect ratio 14. Certain laminates show divergence for wings with low sweep
angles, but for most laminates and wing sweeps, flutter was the instability. The bending-torsion coupling that is
beneficial for forward-swept wings is shown to be of no advantage for aft-swept wings, for which torsional stiff-
ness is much more significant. Both symmetric and nonsymmetric ply orientations were studied, and it is
demonstrated that there need not be a severe penalty for using general laminates.
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Nomenclature
= extensional modulus/compliance
= location of aerodynamic center in
semichords, positive aft of midchord

= nonsymmetric coupling modulus/compliance
= structural semichord
= lift-curve slope
= aerodynamic chord
= bending modulus/compliance
= location of structural axis in semichords,
positive aft of midchord

= semispan
= mass matrix
= dimensionless bending moments
= dimensionless aerodynamic moments
= dimensionless mass terms
= mass per unit length at root
= transformed modulus
= dimensional/normalized dynamic pressure;

= dimensionless dynamic pressure,

= dimensionless bending-torsion ratio
= dimensionless radius of gyration
= dimensionless Laplace variable
= velocity
= dimensionless transverse shear force
= vertical displacement
= dimensionless spanwise, chordwise

coordinate
= matrix of dimensionless structural

compliances
= angle of attack
= bending rotation angle
= laminate ply orientation angle
= sweep angle
= mass ratio, = mR/icpb\
= air density
= dimensionless static unbalance relative to

structural axis, positive aft
= dimensionless coupling parameters
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Subscripts and Superscripts
D = displacement variable
F = force variable
R = value at wing root
ref = reference value
S = symmetric laminate
T = total laminate
( ) = global matrix or vector

Introduction

THE concept of aeroelastic tailoring has brought renewed
interest to forward-swept wings, and, consequently, this

configuration has been the focus of much of the research on
the subject. The recent survey paper by Shirk et al.l cites many
studies of aircraft with forward-swept wings, but relatively
few dealing with high-aspect-ratio aft-swept configurations.
This is quite understandable, since the first application of the
concept was for the elimination of divergence of forward-
swept wings.2 Weisshaar and Ryan3 considered the effects of
tailoring both forward- and aft-swept wings, but in a quite
general manner.

However, future transport aircraft are certain to make use
of composite materials in their primary structures and are
likely to have quite high aspect ratios.4 A high-aspect-ratio
aft-swept wing is less prone to aeroelastic divergence, but the
increase in aspect ratio could cause flutter to become a prob-
lem. One of the few papers devoted solely to the problem of
tailoring high-aspect-ratio composite wings is the work by
Gimmestad,5 but this is limited to some simple cases. A fur-
ther area of aeroelastic tailoring that has received relatively lit-
tle attention is in the use of nonsymmetric laminates. This
research considers the use of both symmetric and nonsym-
metric laminates to improve the aeroelastic performance of
high-aspect-ratio aft-swept wings.

This problem is solved using an integrating matrix
method, which was used by Lehman6'7 to analyze some sim-
ple aeroelastic examples and by Green8 to study the effects
of stores on forward-swept wings. The method requires the
fourth-order differential equation for flutter to be written in
a state vector form, and then an integrating matrix is applied
to the resulting first-order matrix equation, which is then
solved iteratively. Although this is a numerical solution
method, it requires only a small number of elements (typi-
cally four or five) to obtain a converged solution. The main
advantage of the integrating matrix method is that, because
it requires only a small number of elements, a large number
of parameters can be investigated. Clearly, the choice of
layup of the fibers is fundamental to the design process, and
this forms the bulk of the research.



NOVEMBER 1987 AEROELASTIC TAILORING 813

Solution of the Aeroelastic Equations
State Vector Formulation

The aeroelastic behavior of the wing shown in Fig. 1 may
be represented as a fourth-order differential equation, and
the integrating matrix technique is applied to this equation to
obtain a solution. An outline of the general method is given
here, and a more detailed treatment can be found in Ref. 7.

In order to apply the integrating matrix method, the equa-
tion of motion must first be written in a state vector form.
The fourth-order differential equation is written in terms of
a state vector, y, comprised of four displacement and four
force degrees of freedom,
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Fig. 1 Geometric layout of wing.

'=Zy + s2My-Q(s,q)y (2)

The structural matrix Z is derived from an anisotropic plate
beam model9 and contains the compliances required for
bending, torsion, and extension of a beam. Transverse shear
effects are neglected, and free warping of the cross section at
the root is assumed. Although warping restraint would not
be expected to have a large influence on a high-aspect-ratio
isotropic wing, Librescu and Simovich10 have shown that,
for composite wings, warping restraint is a more complex
issue. The compliances are computed from the inverse of the
modulus matrix, for which the moduli are given by

rh/2
1 = 1 G/>dz = ^

h/2

77/2

r=l-«/2

hi ^

Ch/2D=\ A/J~ / I /
(3)

The terms Qtj are the transformed moduli for each lamina
and are dependent on the fiber orientation angle 0. These
moduli are then integrated through the laminate, and if all
layers have the same thickness (H0) the integration is replaced
by the sum shown in Eq. (3). It should be noted that, if the
lamina are arranged symmetrically with respect to the
midline, there is no contribution to the Bfj terms, which can
be dropped from the analysis. In such a case, the Nx and u
terms may be omitted, and this reduces the order of the
system from 8x8 to 6x6. The following development
describes the nonsymmetric case, and the development using
the reduced-order system is found in Refs. 6-8.

The aerodynamic matrix Q contains dimensionless lift and
moment terms derived from modified strip theory,11 for
which the time dependence is based on Jones' approximation
to the Theodorsen function

0.5s2-]- 0.2808^ + 0.01365

d)

(4)

One feature of the modified strip theory is that the section
lift-curve slope cla may also be varied along the span.

Application of the Integrating Matrix
The integrating matrix technique is a numerical method

that requires that the wing be divided into n-l elements
with n nodes. Thus, each term in the state vector becomes a
vector of order «, and the concept of a global state vector y
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is introduced to represent the discrete version ̂ of J:he prob;
lem. Similarly, there will be global matrices Z, M, and Q
comprised of n x n block diagonaj matrices Z, M, and Q.

The global integrating matrix / is now defined as

L =

0

0

(5)

where L is the local integrating matrix. The local integrating
matrix is, in fact, the product of a summing matrix and a
weighting matrix based on Jacobi polynomials. Tables of the
Jacobi integrating matrices are given in Ref. 7.

L has the effect of integrating the derivative on the left-
hand side of Eqs. (1) and (2) and reducing the integration on
the right-hand side to simple matrix multiplication. Thus, the
integrated form of Eq. (2) is

+ * (6)

with the following definition introduced for conciseness:

k is a vector of the constants of integration determined from
the boundary conditions.

Boundary Conditions
The choice of boundary condition is of fundamental im-

portance because the condition applied affects both the com-
plexity and accuracy of the solution. A cantilever condition
is the simplest to apply, and was used in many of the early
studies of aeroelastic tailoring. Although the use of such a
condition precludes the detection of body freedom flut-
ter,12'13 it is used here to avoid the appearance of nonhomo-
geneous boundary condition terms.

First, jt is necessary to define a global boundary condition
matrix B having the following properties:

By = Q, M=k (8)

This global matrix is once again comprised of blocks of local
boundary condition matrices, one for each of the variables.
If both sides of Eq. (6) are multiplied by B, and the^proper-
ties of Eq. (8) are used, it is possible to solve for k.

(9)

Bnh is a second boundary condition matrix, which accounts
for any nonhomogenous boundary conditions. This matrix
is null for the cantilever case, but if rigid-body modes are in-
cluded it becomes nonzero, and this significantly complicates
the solution.

In general, a cantilever boundary condition requires that
there be no displacement at the root and no force at the tip,
thus

= 0, 7(0) = 0, w(0) = 0, a(0) = (10)

Ar
x(l) = 0, Mx(l) = 0, F,(l) = 0, M^(l) = 0 (11)

An equation for each of the state variables is obtained by ex-
pansion of Eq. (6), and the boundary conditions are then ap-
plied to each variable in turn. This gives the constants of in-
tegration in a form that may be compared to Eg. (10), which
in turn allows the boundary condition matrix B to be deter-
mined. For a cantilever boundary condition, this matrix is
very simple, containing only ones and zeros.

Equation Reduction
The problem is now in a position to be solved, since Eq.

(9) can be substituted into Eq. (6), and collecting terms
allows the equation to be written as

(H+FA]y =

where

H=(I+FZ+Bnh]

(12)

(13)

Since the state vector consists of force and displacement
components, it can be written in partitioned form as

HPF 0 FFFAFD

0

(14)
This equation can be solved simultaneously to eliminate the
force variable yp which gives

where

[I+TAFD]yD =

T= —HD£)HDFHFFFFF

05)

(16)

The matrix T contains structural information and informa-
tion from the boundary conditions; AFD contains the aero-
dynamic and mass properties of the wing. Since the problem
is now written in terms of only one-half of the original state
vector, the system of equations is reduced in size by a factor
of 4, and solution is much faster.

Substitution of the boundary condition matrix into Eq.
(13) allows analytical inversion of HDp and HF£. This, in
turn, permits expressions for T to be formed:

LbnLl

LbnLl —LbnL\

LdnL{ —LdnL\

with

(17)

(18)

where Bn is a matrix of zeros except in the nth column,
which contains ones.

Solution Procedure
Equation (15) has a solution if

(19)

For each value of dynamic pressure <?, Eq. (19) is solved
iteratively to find the value of the Laplace variable s, which
makes the determinant zero. Muller's method14 is an effi-
cient root-solving scheme that will find the roots of a com-
plex matrix equation, and this is employed in the solution
procedure.

One useful property of the cantilever boundary condition
is that the T matrix is independent of both q and s, so for a
particular wing geometry it can be evaluated before begin-
ning the iteration procedure. This is not so when rigid-body
modes are included, because, in that case, T contains terms
that depend on q and s. This requires that the matrix be
recalculated for each iterate, which consequently increases
the time needed for computational solution.
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In order to determine the dynamic pressure at which aero-
elastic instability occurs, the roots of Eq. (19) are traced out
for increasing values of q until one of the roots crosses the
imaginary axis. Thus, a root locus in the s plane can be pro-
duced (Fig. 2), which will indicate when an aeroelastic in-
stability has occurred and whether it is flutter or divergence.
If the vibration frequencies of the wing are also known and
identified as being bending or torsion modes, it is possible to
determine the type of flutter. The dimensionless flutter
dynamic pressure shown in Fig. 2 is the reference flutter
pressure used to normalize the remaining figures.

It is not necessary to trace out a root locus for each con-
figuration, and a procedure was devised to find the dynamic
pressure at which an instability occurs using a secant
algorithm. This procedure efficiently locates the dynamic
pressure at which the root locus crosses the imaginary axis
and indicates the type of aeroelastic instability.

Numerical Stability
As with any numerical method, some attention must be

given to convergence. The choice of the number of nodes to
be used is important for reasons of both speed and accuracy.
As mentioned earlier, the size of the determinant to be
solved is 3nx3n or 4nx4n and, since the determinant is
solved iteratively, the speed at which the calculations are
made is highly dependent oh the number of nodes.

Table 1 shows dimensionless dynamic pressure values for
flutter of a straight wing and one with a taper ratio of 0.25.
The number of nodes is varied from 3 to 6, and the relative
computational time needed for solution using an IBM 3084
computer is shown. For the straight wing, convergence is
very good, with the difference between the four- and six-
node solution being 6.24%. However, when the wing is
tapered, six nodes are needed for the solution to be
reasonably well converged. This is because ,the taper of the
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wing has to be treated in a discrete manner, and more nodes
are needed to reflect the additional information. For the re-
maining results, four nodes were used to keep computational
time to a minimum.

Results
The remainder of this analysis presents results for a

reference laminate, and several different ply orientations, in-
cluding nonsymmetric laminates, with the effects of both ply
orientation and modulus shown. Although the integrating
matrix method is capable of analyzing tapered configura-
tions with the variable cla, this adds to the computational
time needed, and, since these effects would not be expected
to alter the trends, they are not included in this study.

In much of the literature on aeroelastic tailoring, either the
ply orientation or the modulus is given, but seldom both. An
understanding of the effects of both are of importance to the
designer; thus, the results presented show the aeroelastic
stability boundary as a function of a reference ply angle (0)
and also the dimensionless modulus as a function of the
same ply angle. This allows the effect of ply angle on both
stability and modulus to be considered. Following Weisshaar
and Ryan,3 the moduli are made dimensionless in the follow-
ing manner:

R = -
Dt'66

A. ' A, ' '66

(20)

The extensional coupling moduli need to be multiplied by a
characteristic length—in this case, the semispan /—to
become dimensionless. The use of the moduli in dimen-
sionless form makes the results more general.

Reference Laminate
The design of an aircraft involves many variables, and the

use of composite materials increases the complexity of the
design problem. The integrating matrix method is a useful
tool for preliminary design work because it is not only fast,
but also capable of modeling fairly sophisticated effects. In
this section, results are presented for a reference case, with
the properties shown in Table 2.

The laminate code for this reference case is given by

[0,0,0,0,=F45,0,=F45,0,^45]5 (21)

where 0 is the reference fiber orientation angle. For this first
part of the study, the outermost plies on both the top and
bottom surfaces of the wing are varied as a group between
-50 and 50 deg. The bending, torsional, and coupling
moduli are shown in Fig. 3a, and the equivalent dimen-
sionless parameters are shown in Fig. 3b.

Figure 4 shows the aeroelastic stability boundary for the
reference laminate with sweep angles of 10 and 30 deg. The
boundary is shown as normalized dynamic pressure, which is
defined as

Aeroelastic Tailoring
Most modern commerical aircraft are operating with

aspect ratios in the range of 8-10, and their primary struc-
ture is aluminum. The next generation of such transport air-
craft will make much more use of composite materials in
their primary structure and will be able to be designed with
considerably higher aspect ratios. The study by Jensen et al.4
gives a number of designs optimized for various goals for
which the aspect ratios go up to 15 and wing sweep angles
range between 10 and 40 deg.

One of the limitations on the maximum aspect ratio of a
wing is structural, and the use of a composite wing structure
offers advantages from both the structural and aeroelastic
viewpoints. Since the flutter speed of an aircraft decreases as
the aspect ratio increases, in order to use the proposed high
aspect ratios, the use of composites is mandated. By tailoring
the laminate, it is possible to raise the flutter dynamic
pressure over the equivalent quasi-isotropic value. Although
it is not possible to eliminate the problem of flutter, the
point may be reached where the aeroelastic benefits of in-
creasing the flutter speed are offset by lowering the bending
stiffness of the wing.

The results could be divided into two categories: low
sweep angles (0 and 10 deg), which showed the occurrence of
divergence in the presence of strong bending-torsion coupl-
ing; and moderate sweep angles (greater than 20 deg), for
which 30 deg was chosen as representative. These configura-
tions were chosen to represent the high-aspect-ratio wings
that may be used for future transport aircraft.

Symmetric Laminates
Twenty-four plies are used in all configurations, and the

laminate code is

[0^02,03,0, =F45,0,=F45,0,T45], (23)

In the previous section, the tailoring was achieved by orient-
ing plies 0j and 02 at the reference angle, and the results were
not surprising, showing the optimum fiber angle to be
around -45 deg for cases in which divergence was not a
problem and 45 deg when divergence was indicated. In order
to see if any improvement could be obtained, and if there
were any laminates that should be avoided, some alternate
patterns were tried.

Some improvement was seen when 02 was the reverse of
0!, and this was due to the elimination of bending-torsion
coupling. Figure 5 shows the aeroelastic boundary and

Table 1 Dimensionless flutter pressure
and relative computational time for reference case

Number
of nodes

3
4
5
6

Straight
wing

3.7312
3.8489
3.8591
3.8582

Tapered
wing

32.537
35.674
28.738
28.366

Relative
CPU time

0.57
1.00
1.57
2.56

tfref
(22)

where the reference condition is A = 0, 0 = 0. For the 10-deg
swept wing, divergence is the mode of instability when \[/ is
positive and the ply angle is between - 10 and -40 deg. As
the sweep angle increases, the range of fiber angles during
which divergence is seen decreases. By the time a 20-deg
sweep angle is reached, divergence is no longer a part of the
boundary for any of the values of \l/ studied, as shown by the
curve for the 30-deg swept wing.

Table 2 Properties of the reference case

Structural:
Material: AS/3501
graphite epoxy
Number of layers: 24
e=-0.34

Inertial:

r = 0.538

Aerodynamic:
Aspect ratio = 14
'fa = 5.0
a.c.= -0:25
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dimensionless modulus parameters for this layup. Com-
parison with the curves in Fig. 4 shows that divergence has
been prevented, and the flutter boundary has been raised by
about 10%, this case when the outer plies are laid up at ±45
deg. Divergence is avoided in this case because the coupling
parameter \l/ is close to zero.

Further improvement was found when che third lamina
was also varied, and Fig. 6a shows the stability boundary for
this case with 02 = 6l and 03 = — Olf There is considerable im-
provement due to the increase in torsional stiffness. The
maximum value of R is raised by about 30%, but since the
laminate is no longer balanced there is some bending-torsion
coupling. The increase in R raises the maximum flutter speed
by 27% for the 30-deg swept wing and by 22% for the
unswept case. Since there is strong coupling, divergence
reappears for the unswept case when \l/ is negative.

Clearly, this trend could be continued, ending with a
laminate consisting of only ±45° laminae. This would,
however, result in a wing that is very weak in bending, which
would not meet strength requirements. Thus, the designer
must reach a balance between the necessary bending stiffness
and the aeroelastic constraints.

General Laminates
Symmetric laminates have several advantages over general,

or nonsymmetric, laminates. First, there is no warping of the
laminate and, second, they are easier to analyze and offer
fewer design decisions. However, general laminates should
not be ignored simply because they complicate the problem;
indeed, they give the designer the fullest benefit of an
anisotropic material. Warping may be most problematical if
flat panels are needed, since the warping may put initial
stress in the laminate. It may be possible to reduce this by
curing a nonsymmetric laminate in subsections, which are
themselves symmetric, and then bonding these subsections
together after the initial cure cycle. If, however, the panel

-10. 0. 10. 20.
Fibre Angle 6

Fig. 6a Aeroelastic boundary for 02 = 0i = '0 and 03 = - 0.
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Fig. 6b Dimensionless modulus parameters R and \f/ for 02=0l=t
and 03= -0..

needs to be curved, such as may be the case for an aircraft
wing, then using a nonsymmetric laminate may offer the
means to such curvature.

A number of nonsymmetric laminates were examined, all
having the following laminate code:

(24)
For general laminates, two additional moduli, ̂  and i£2, are
needed to define the structural behavior of the wing. A
laminate that has a ply at angle 6 below the midplane and
one with the same angle, positive or negative, at the same
distance above the midplane is said to be balanced, and

Figure 7 shows the stability boundary and modulus curves
for a balanced nonsymmetric laminate, which is obtained by
setting

ft Q A A A A f}^\Vl=:V2=-V9 023=024 = 0 (25)
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Fig. 7a Aeroelastic boundary for balanced general laminate:
$l = 02 = - 0 and $23 = #24 = 0*
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Fig. 7c Dimensionless modulus parameters V'l and ^3.
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There is also little bending-torsion coupling, i£«0, but there
is strong extension-torsion coupling. R and \l/ are almost the
same as in Fig. 5b, but the flutter maximum is lowered by
about 7%. The results are still better than the reference
laminate, but there is a penalty for having extension-torsion
coupling.

The next laminate examined had the following layup:

r = 0+10 deg, 02 = 0-10 deg, 023=- = 0 (26)

which had the effect of eliminating \l/ and \l/3 but allowing
extension-bending coupling. The effect on the flutter bound-
ary, as shown in Fig. 8, was to improve it to the point where
the maximum flutter pressure was about the same as that of
the symmetric laminate shown in Fig. 5a and better than the
balanced laminate of Fig. 7a.

As a final example, a completely general laminate was ex-
amined for which all three coupling parameters were non-
zero. The laminate used is described by

01 ==02 = 0+10 deg, 093 — 094 = 6 (27)

and the results are shown in Fig. 9. Since \l/ is no longer zero,
the 10-deg swept wing is again prone to divergence, and the
maximum flutter pressures are almost the same as those for
the reference laminate. Again, there is some penalty for
allowing coupling, but it need not completely prevent general
laminates from being considered. The penalty for this case is
partly due to the extensional coupling and partly to the reap-
pearance of bending-torsion coupling.

Conclusions
The aim of this analysis was to examine the usefulness of

the integrating matrix method for the study of the aeroelastic
stability for fairly arbitrary geometries and to examine the
possibilities of using general, nonsymmetric laminates.
Although it is possible to incorporate refinements into the in-
tegrating matrix method, such as including three-dimensional
aerodynamic effects, this work emphasizes its use as a
preliminary design tool to study a broad range of laminates.
Adding refinements to the method is necessary when making
comparisons with experiment, but such additions increase
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the cost of solution and are unlikely to change the trends
presented.

Most studies in aeroelastic tailoring have considered only
symmetric laminates, but it is of interest to study the effect
of using general laminates. Nonsymmetric laminates in-
troduce two additional coupling parameters to the problem,
and three general laminates were examined to reflect the con-
tribution of each of these on the stability. Extension-torsion
coupling, 1^3, caused some degradation of the flutter bound-
ary; extension-bending coupling, \I/19 was not as damaging as
\l/3 and gave a flutter boundary that was as good as the best
symmetric laminate with the same torsion-bending stiffness
ratio. When both \l/l and \l/3 were present, the performance
of the wing was degraded to that of the symmetric reference
laminate. It is worth noting that such nonsymmetric lami-
nates may be more applicable to helicopters, where there is
an extensional force due to rotation that may be beneficially
combined with the extensional coupling parameters.

It was possible only to show the results for a limited
number of laminates, and those shown were among the bet-
ter layups investigated. If general laminates are to be used,
there are even more permutations to add to the designer's
problem. However, this preliminary investigation shows that
there need not be a severe penalty for making use of a
general laminate—this is a topic worthy of further research.
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